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Abstract 
 

This paper provides a new insight into neural networks by 
using the kernel theory drawn from the work on support 
vector machine (SVM) and related algorithms. The kernel 
trick is used to extract a relevant data set into the feature 
space according to a geometrical consideration. Then the 
data are projected onto the subspace of the selected vectors 
where classical algorithms are applied without adaptation. 
This approach covers a wide range of algorithms.  In 
particular, different types of neural network are covered by 
choosing the appropriate kernel. We investigate the 
function approximation on a real classification problem 
and on a regression problem.  
 
 
1 Introduction 
 
Kernel methods were first used in Support Vector Machines 
(SVM) [13] [7], and were applied to a wide class of 
problems such as classification and regression. The 
possibility of using different kernels allows viewing 
learning methods like Radial Basis Function (RBF) neural 
network or multi-layer neural networks as particular cases 
of SVM despite the fact that the optimized criteria are not 
the same. As a matter of fact, the SVM optimizes a 
geometrical criterion which is the margin and is sensitive 
only to the extreme values and not to the distribution of the 
data into the feature space. On the other hand, the RBF [5] 
[3] or multi-layer neural networks optimizes the Mean 
Square Error MSE and provides a solution dependent on the 
distribution of all the data. 
 
The kernel methods transform data into a feature space F 
that usually has a huge dimension. But it has been shown 
[14] that the capacity of generalization depends on the 
geometrical characteristics of the training data, not on the 
dimension of the input space. Therefore, if these 
characteristics are well chosen, the expected error of 

generalization can be small even if the feature space has a 
huge dimensionality.  
Moreover, Vapnik’s work comparing the SVM and the 
neural network perceptron showed that the empirical risk, 
which evaluates the capacity of generalization, is bounded 
for the SVM by a function of the largest value of the norm 
of the support vectors. For the perceptron this bound is a 
function of the largest value of the norm of the vectors 
where the perceptron makes a correction [14]. Vapnik 
pointed out that minimizing the ratio between the radius of 
the sphere that contains the support vectors and the margin 
can give better generalization than maximizing only the 
margin [14]. This showed that SVM lacks an important 
characteristic of the data, which is the structure of the data 
into F.  
We propose to split the problem into two steps. The first 
step is the data selection that extract the relevant vectors 
into the feature space F taking advantage of the kernel 
theory and preserving the geometrical structure of the data 
into F. The second step optimizes a given criterion into the 
subspace of the selected vectors. 
Consider a mapping function φ  operating from an input 
space X into a feature Hilbert space F: 
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Suppose M is the number of samples; then we define the 
kernel matrix K of dot products by: 
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The transformed data lie into a subspace of F with a 
dimension up to M. Usually, the dimension of this subspace 
is lower than M and equal to the rank of the kernel matrix 
K. We propose to work into the subspace of the data into F. 
Therefore, we developed a preprocessing method that 



  

selects the relevant data, forming a basis of this subspace 
and capturing the structure of the entire data into F. The 
data selection into F uses the kernel trick that manipulates 
the dot product K without knowing explicitly the mapping 
function φ  [1] [6] [11]. Data selection is a common step in 
all kernel methods. Once the data are projected onto the 
subspace of the selected data, one can run classical linear 
algorithms. We focus here on regression and classification 
problems.  
In the following we present the data selection into F that we 
call Feature Vector Selection (FVS). Then, we investigate 
the combination of the data selection with the linear 
regression to get a non-linear function approximation. The 
latter algorithm is applied to classification and regression 
problems.  
 
2 Feature Vector Selection 
 
The dimensionality of the data subspace into F is given by 
the rank of K. In practice, the rank of the matrix K is often 
inferior to M, MKrank <)( . The aim of the FVS is to 
select a basis of the data subspace into F. 
The FVS is based on a geometrical approach into F. We 
look for the vectors that are sufficient to express all the 
remaining data as a linear combination of those selected 
vectors in the transformed space F.  
The Feature Vectors FV are among the samples. We are 
able to express the subspace of the data into F with samples 
only, because the data subspace is entirely expressed with 
the whole data through K. Our approach leads to the 
extraction of the sufficient submatrix of K, which reduces 
significantly the required memory for storage. 
 
Let L be the number of selected vectors. 
For notation simplification: for each ix  the mapping is 
noted Miforx ii ≤≤= 1)( φφ . 

We note the selected vectors by 
jsx and its image into F by 

Ljforx
jj ss ≤≤= 1)( φφ , where ML ≤ . 

For a given set of selected vectors },,{
1 Lss xxS K=  into F, 

we can estimate the mapping of any vector ix  as a linear 
combination of S, which is formulated as a dot product: 

iSi a.ˆ Φ=φ      (3)
    
where ),,(

1 LssS φφ K=Φ  is the matrix of the selected 

vectors into F and tL
iii aaa ),,( 1 K=  is the coefficient vector 

that weighted this matrix. 
The goal is to find the coefficients ia  such that the 

estimated mapping iφ̂  is as close as possible to the real 
mapping iφ  for a given set S. Therefore, we minimize into 

F, the normalized Euclidean distance given by the 
following ratio: 

2

2ˆ

i

ii
i

φ

φφ
δ

−
=     (4)

    
Rewriting (4) in a matrix form and putting, according to 

ia , the derivatives to zero; we can show that the minimum 
of (4) for a given S can be expressed with dot products only 
and leads to (5): 
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Where SSK  is a square matrix of dot products 
of the selected vectors: LqLpssSS qp

kK ≤≤≤≤= 1,1)( . 

And  LpisSi p
kK ≤≤= 1)(  is the vector of dot product 

between xi and the selected vector set S. 
The goal now is to find the set S that minimizes (5) over all 
samples ix : 
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We define the fitness function for a given set S expressed 
by: 
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 (6) is equivalent to:  
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Note that for Sxi ∈ , (5) is zero, and the maximum of (7) is 
one.  
The selection algorithm is an iterative process, which is a 
sequential forward selection: at each step we look for the 
sample that, when combined with the previously selected 
vectors, gives the maximum fitness function JS  (7). The 
algorithm stops when SSK  is no longer invertible, which 
means that S is an actual basis for the data into F. We can 
also stop when the fitness reaches a given value or when a 
predefined number of selected vectors is reached. 
 
2.1 FVS Algorithm 
 
• Arguments:  

Training sample },,{ 1 MxxX K=  
Kernel function ijk  
Stopping criterion: number of feature vectors 
nbFV or maxFitness or basisFound 

• Return: S subset of selected feature vectors 
 



  

• Initially S=∅ , at the first iteration add to S the sample 
that maximizes SJ , 

• At the iteration n, if L samples have been selected. 
Append to S the sample, that combined with the 
previous L samples, maximizes SJ  

• Stop when SSK  is no longer invertible, or when the 
error is below a given small value or when a predefined 
number of selected vectors is reached. 

 
3 Kernel Function Approximation algorithm 
 
Once the feature vectors are selected, they define a 
subspace S into F that captures the structure of the entire 
data. We transform all of the samples into this subspace. 
The transformation of a sample ix  is given by the dot 
product projection: 

i
t
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Note that iz  is obtained through a linear transformation (9). 
Other transformations can be considered, in particular, an 
orthogonal projection i

t
SS

t
Siz φΦΦΦ= −1)( , which 

requires more computation. 
Given a set of data ),( ii yz  where iz is the projection onto 
F of the sample ix , the goal of the function approximation 
algorithm is to estimate the output function iŷ . 
The estimation of this function using linear regression into 
the subspace of FV, minimizes the MSE error of the 
learning set T and results to an optimal solution (10) using 
the Moore-Penrose pseudo-inverse [2]: 
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β is a vector that can be included in the estimation of A by 
adding a constant component in each vector iz . 
It has been shown that (10) leads to the posterior probability 
estimation and gives the best approximation of the Bayes 
decision function [9].  
A classification task into N classes is a particular regression 
problem for which the output Njiji yy ≤≤= 1)(  is a binary 
row vector such that 1=ijy  where j is the class number.  
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Therefore the same algorithm is used to solve classification 
problems. A sample is assigned to the class c such that 

ij
j
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4 Classification 
 
The data selection corresponds in fact to a data quantization 
into F based on geometrical considerations. This step 
reduces the size of the manipulated matrix and at the same 
time preserves the structure of the data into F. It can be 
viewed as the definition of the hidden layer of a multi-layer 
neural network. The number of hidden neurons on which 
the data are projected corresponds to the number of FV 
selected into F. However, the FVS has the advantage of 
determining the optimal number of hidden neurons based 
on the MSE criterion for a given kernel. The trick of the 
kernel operator makes it possible to work and select data 
into the feature space F. For a neural network, the feature 
space remains hidden and is never explored. This main 
attribute gives a new insight into neural networks.  
With this new approach, the classification optimization 
performed into F is simple and leads to the same formulas 
as presented above for the regression. The generalization to 
different kinds of neural networks is obtained by choosing 
the appropriate kernel function: a Gaussian kernel gives a 
RBF neural network, while a sigmoid function, which 
fulfills the Mercer conditions [13], leads to a multi-layer 
perceptron. Figure 1 shows the architecture of a neural 
network using the FVS that we called Kernel Function 
Approximation. 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 1: Architecture of Kernel Function Approximation 
procedure 
 
We can even construct a multi-layer network with more 
than one hidden layer by repeating the FVS step as many 
times as the number of hidden layers. 
 
5 Experiments 
 
5.1 Feature space versus input space 
 
This simple example illustrates visually the relation 
between the input space X and the feature space F when 
using a polynomial kernel of the 2nd order. The space F for 
this kernel has a dimension of three and can be displayed. 
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Input X Feature  
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FVS 
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Kernel Function Approximation  



  

We can express the mapping function φ  in this particular 

case. The polynomial kernel in 2R  is defined by : 
2)( j

t
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And can be rewritten as:  
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Consider two clusters along two circles of radius 1 and 0.5 
plotted with crosses and stars on figure 2 a). The images of 
these two circles into F are displayed on figure 2 b).  
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Figure 2: a) Data along two circles, the continuous circle is 
the separation obtained with the kernel function 
approximation.  b) The 3D graph is the image of the 
clusters into F.  
 
This example shows that the data need only three samples 
to be expressed into F. The separation function obtained 
with the kernel function approximation is given by the 
continuous circle into X. Its image into F lies on a plan that 
separates linearly the two circles into F. 
 
5.2 Non separable data 
 
We simulate 2 clusters with normal distributions 
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N displayed on figure 3. I 

is the identity matrix. The learning set contains 100 
examples from each class. Since we know the theoretical 
distribution we computed the optimal separation given by 

the Bayesian decision function [10]. Therefore we can 
compare the theoretical results and the results obtained with 
the kernel function approximation into F. Figure 3 shows the 
results of the Bayesian classification and kernel function 
approximation using a Gaussian kernel function 

)/exp( 22
σjiij xxk −−=  with 1=σ . 

The FV classification gives slightly better results than the 
SVM (OSU SVM Matlab toolbox) does. Nevertheless, our 
algorithm reaches the optimum with only 23 selected 
vectors, while the SVM needs 54 support vectors to reach 
its best results. Moreover, once the kernel function is fixed, 
the kernel function approximation requires no parameter 
adjustment unlike the SVM which needs an adjustment of 
the parameter C.  

 
Figure 3: Optimal boundary and kernel function 
approximation boundary; the feature vectors are represented 
by circles 
 
We evaluated the performances shown on  Table 1 using a 
testing set of 100000 samples. 
 

Table 1: Test performance comparison 
 Bayes SVM Kernel function 

approximation 
Testing 
performance 

88.8 % 88.2 % 88.6 % 

Number of 
points 

- 54 SV 23 FV 

 
5.3 Separable data 
 
We consider 3 clusters having 128 samples each that are 
non-linearly separable. Figure 4 shows the learning set with 
64 samples by cluster and the 23 selected feature vectors 
using the FVS algorithm. In order to classify the three 
clusters, we applied the kernel function approximation 
using a Gaussian kernel. The obtained separation function 
is shown on figure 4 b).   
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Figure 4: FVS and kernel function approximation, 
separation function corresponding to a cross section at 0.5 
 
Note that the SVM gives an optimal solution of the margin 
for a two classes problem. An extension to multi-classes 
problems is based on a pairwise classification or one class 
versus all others. In this case, the optimality is no longer 
guaranteed. Unlike the SVM, the kernel function 
approximation algorithm provides an optimal solution 
whatever the number of the studied classes.  
 
5.4 Heart disease data 
 
We studied performances on the Cleveland heart disease 
data set [8] from UCI repository [16]. The data set contains 
303 samples and 13 variables to be classified into 2 classes 
indicating a presence of disease or not. The two classes are 
highly overlapped, as shown on figure 5. 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 5: Heart disease probability density functions along 

the linear discriminant axis 
 

We applied the kernel function approximation algorithm, 
the RBF neural network of the Matlab toolbox and the 
SVM to this data set. The performances are evaluated using 
the leave one out procedure. The results are presented on 
Table 2 using a Gaussian kernel with 10=σ  and C=1000 
for SVM. 
 
Table 2: Test performance comparison on the heart disease 

data set 
 RBF  SVM Kernel function 

approximation 
Testing 
performance 

78.4 % 79.7  % 83.2  % 

Number of 
points 

70 nodes 77 SV 14 FV 

 
The results are significantly better than the SVM for this 
data set. In addition, kernel function approximation requires 
many fewer feature vectors than the number of support 
vectors required for SVM. 
 
5.5 Function regression 
 
We consider the approximation of the sinc function 

xxxf ππ /)(sin)( =  corrupted by a normal noise. Results on 
this function using SVM are given by [15]. We used the 
same kernel function, which is linear spline: 
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The added normal noise has a standard deviation of 0.5. 
Figure 6 shows the approximated function and the real 
function. 

 
Figure 6: Sinc function corrupted by a normal noise and 
the approximated function obtained by kernel function 
approximation 
 
The approximation given in [15] needed 27 support vectors 
while the kernel function approximation requires only 6 
feature vectors and results to better approximation.  
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6 Discussion 
 
We have presented a new regression and classification 
algorithm based on a feature vector selection into F using 
the trick of kernel methods. The FVS algorithm captures the 
structure of the data by constructing a basis into F. All the 
samples are projected onto the selected subspace of the FV; 
therefore, the statistical information is preserved. After the 
data selection step several algorithms can be applied easily. 
We investigated the kernel function approximation. We 
showed on simulated and real data that we can obtain better 
results than SVM with many fewer feature vectors than the 
number of support vectors required for SVM. The number 
of selected vectors depends on the choice of the kernel. For 
Gaussian kernel, the rank of the matrix K depends on the 
value of sigma. The smaller sigma is, the higher the rank is 
and the larger the selected basis S eventually reaching M 
vectors. The capacity of generalization is function of sigma; 
therefore there exists a relationship between the capacity of 
generalization and the number of FV forming a basis. 
We also investigate results of the LDA [10] and PCA 
combined with the FVS which provides a new method for 
getting the GDA [4] and the kernel PCA [12]. The memory 
requirement for matrix storage in the GDA or kernel PCA 
drops from the size of the data set to the size of the selected 
data set. Therefore, the computation time at the utilization 
phase is reduced. 
In our approach, the main part of the adaptation of the 
classical algorithms to kernel methods is the FVS. We 
presented an iterative algorithm of FVS, we are currently 
investigating the improvement and the optimization of this 
algorithm. 
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